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3.∗ The Schwarz-Pick lemma (see Exercise 13) is the infinitesimal version of an
important observation in complex analysis and geometry.

For complex numbers w ∈ C and z ∈ D we define the hyperbolic length of w
at z by

‖w‖z =
|w|

1 − |z|2 ,

where |w| and |z| denote the usual absolute values. This length is sometimes
referred to as the Poincaré metric, and as a Riemann metric it is written as

ds2 =
|dz|2

(1 − |z|2)2 .

The idea is to think of w as a vector lying in the tangent space at z. Observe that
for a fixed w, its hyperbolic length grows to infinity as z approaches the boundary
of the disc. We pass from the infinitesimal hyperbolic length of tangent vectors to
the global hyperbolic distance between two points by integration.

(a) Given two complex numbers z1 and z2 in the disc, we define the hyperbolic
distance between them by

d(z1, z2) = inf
γ

∫ 1

0

‖γ′(t)‖γ(t) dt,

where the infimum is taken over all smooth curves γ : [0, 1] → D joining z1

and z2. Use the Schwarz-Pick lemma to prove that if f : D → D is holomor-
phic, then

d(f(z1), f(z2)) ≤ d(z1, z2) for any z1, z2 ∈ D.

In other words, holomorphic functions are distance-decreasing in the hyper-
bolic metric.

(b) Prove that automorphisms of the unit disc preserve the hyperbolic distance,
namely

d(ϕ(z1),ϕ(z2)) = d(z1, z2), for any z1, z2 ∈ D

and any automorphism ϕ. Conversely, if ϕ : D → D preserves the hyperbolic
distance, then either ϕ or ϕ is an automorphism of D.

(c) Given two points z1, z2 ∈ D, show that there exists an automorphism ϕ such
that ϕ(z1) = 0 and ϕ(z2) = s for some s on the segment [0, 1) on the real
line.

(d) Prove that the hyperbolic distance between 0 and s ∈ [0, 1) is

d(0, s) =
1
2

log
1 + s
1 − s

.
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(e) Find a formula for the hyperbolic distance between any two points in the
unit disc.

4.∗ Consider the group of matrices of the form

M =

(
a b
c d

)
,

that satisfy the following conditions:

(i) a, b, c, and d ∈ C,

(ii) the determinant of M is equal to 1,

(iii) the matrix M preserves the following hermitian form on C2 × C2:

〈Z, W 〉 = z1w1 − z2w2,

where Z = (z1, z2) and W = (w1, w2). In other words, for all Z, W ∈ C2

〈MZ, MW 〉 = 〈Z, W 〉.

This group of matrices is denoted by SU(1, 1).

(a) Prove that all matrices in SU(1, 1) are of the form

(
a b
b a

)
,

where |a|2 − |b|2 = 1. To do so, consider the matrix

J =

(
1 0
0 −1

)
,

and observe that 〈Z, W 〉 = tWJZ, where tW denotes the conjugate trans-
pose of W .

(b) To every matrix in SU(1, 1) we can associate a fractional linear transforma-
tion

az + b
cz + d

.

Prove that the group SU(1, 1)/{±1} is isomorphic to the group of automor-
phisms of the disc. [Hint: Use the following association.]

e2iθ z − α
1 − αz

−→




eiθ√
1−|α|2

− αeiθ√
1−|α|2

− αe−iθ√
1−|α|2

e−iθ√
1−|α|2



 .
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